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Bifurcations in a simple hydraulic
oscillator: the ‘Tantalus’ cup’

Dante R Chialvot, Alain Vinet, Donald Michaels and Jose Jalife
SUNY/Health Science Center, 766 Irving Avenue, Syracuse, NY 13210, USA

Received 3 January 1991, in final form 8 April 1991

‘‘‘‘‘ The dynamics of a simpie hydraulic oscillaior
(the ‘Tantalus’ cup’) is studied. Phase-resetting for a single
perturbation and locking phenomena in the periodically
forced regime are described. A simplistic time-discrete
model of the system is proposed. A few other didactic
problems are suggested.

1. Introduction

Complicated behaviour in deterministic systems has
been extensively discussed in the recent past. Simple
models of dynamical systems are very attractive
because, while preserving the generic properties of the
system, they are analytically tractable and allow for a
clear understanding of the mechanisms responsible
for the dynamics. This paper deals with the dynamics
of a non-linear hydraulic oscillator (the ‘Tantalus’
cup’) that exhibits periodic oscillations and more
complicated behaviour when periodically perturbed.
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The basic apparatus and the main details of the
unperturbed oscillation are presented in section 2.
The phase resetting behaviour in response to single
perturbations and the dynamics resulting from
periodic forcing are discussed in section 3. We study,
in section 4, a simple time-discrete model describing
the main phenomena. In section 5, some didactic
experiments and related problems are suggested.

2. Baslc apparatus

This oscillator has been known for many years. The
reader interested in historical details may consult
[1-5]. The basic device is drawn in figure 1 (part A).
Water flows at a constant rate y; through tube I,
increasing the tank water level &, up to a critical value
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Résumié. Le comporiement dynamique d'un oscillateur
hydraulique simple (le vase de Tantale) a &té étudié. Les
déphasages induits par I'application de perturbations
isolées sont décris, de méme que les différents regimes
d’entrainement associés 4 I'application de stimulations
périodiques. Un modéle simplifié, o le temps est
représenté par une variable a valeur discréte, est proposé.
Quelques problémes sont suggérés a titre d'extension
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H’ at which the siphon (S) is activated. Typically g,,
the flow through the siphon, removes water, decreasing
h,. When k, reaches the level H”, air passing through the
siphon interrupts its flow, and a new cycle starts. Part
B of figure 1 shows typical oscillations of 4, obtained in
4 device whose dimensions and parameters are indi-
cated in the legend. A, is directly proportional to the
pressure at the bottom of the tank which can be
measured with a transducer. It is seen that the rising
phase of the oscillation is fairly linear except at inter-
vals near the activation and deactivation of the siphon.
The emptying rate is a non-linear function of the water
level in the tank, measured in reference to the output
end of the siphon. It slows down as the water level
decreases and comes closer to H”. At this point, the
siphon is deactivated, and the cycle starts again.

The period of the oscillation as a function of y; is
shown in figure 2. The non-monotonicity in the func-
tion comes from the action of g on both the filling and
emplying phase. As y; increases, the time needed to fill
the tank decreases, explaining the early drop in the
period. However g; also prolongs the emptying phase,
adding additional water to the tank while the siphon is
acting to remove il. At some value of i the pro-
longation of the emptying phase starts to exceed the
corresponding abbreviation of the filling phase, and the
period begins to increase. Finally, a value of y is
reached (near point U in figure 2) beyond which there
is always a level of water such that y, = u,. From there,
the system always adjusts itself to the level where
the siphon removes exactly the liquid provided by n,.
The height of this stable water level increases with
4. Mathematically, a stable equilibrium point has
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Figure 1. Basic apparatus. Flow {y,) is provided through
tube | at a constant rate. Osciliation of h, is constrained,
for appropriate u, values, to the limit H'—H". When the
water level reaches the height L, water starts leaking
through the siphon. When it reaches H’, the siphon is
fully activated and pumps water cut of the lank at a rate
u, which is a function of h,. B: typical oscillations of i,
(Period = 85s). Device dimensions and parameters
here as well as in figures 2 to 4 are: tank diameter:
10cm, S diameter: 1cm, H'=H": 9.5cm and g,: 11em®s ™\

appeared, and the system no longer oscillates. For a
different reason, a stable equilibrium point also exists
at very low g (near the point D in figure 2). In this case,
the water level reaches the level L in figure 1, water then
leaks through the siphon, but g is too low to fill the
curved upper section of the siphon and activate it. The
water level stays constant, unless water is added to start
the siphon. Under this condition the device can be
considered as an exciiable nON-auloNOMOuUS Systei.

3. Phase resetting and perlodic forcing

The oscillation of the system can be externally per-
turbed by increasing the flow rate for a relatively brief
interval of the spontancous cycle. This can be done by
an electromagnetic valve connected to a second reser-
voir and opened by short current pulses provided by a
timing device. As shown in figure 3, the effect of the
perturbation changes with the phase of the cycle where
it occurs. Taking as a reference point the moment
where the water level reaches its minimum, any point of
the cycle can be expressed as a fraction of the period.
When the perturbation is applied while 4, is growing,
the cycle is abbreviated (parts A and B of figure 3), and
the system returns soomer to its minimum. This
abbreviation, expressed as a fraction of the natural
period, can be interpreted as a phase shift. The pertur-
bation is then seen as advancing the phase of the sys-
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Figure 2. Oscillation period as a tunction of flow rate.
For u, {ftow) below D, the leaking through the syphon
stops the oscillation and the water level is maintained
between the points L and H’ of figure 1A. For u, beyond
U, the oscillations also stop. The system is then locked
in the emptying phase, at water height such that y = p,.

tem. The evolution of the system is linear when A, is
growing. Therefore, for most of the growing phase the
same perturbation will advance the next oscillation by
tha cama amnnnt ireacmactiva af the ahaca ot which it
MLl OCLIILY CHLLILTURLLR, IIIUJPU\-I,I ¥ UL LLIW })uaal.. AL ¥YILILIL LU
is applied. However, for perturbations applied near the
top of the oscillation, that exceed H’ (see figure 1A),
there is a mixed effect. The stimulus shortens the cycle

by increasing h, and activating the siphon, while the

Figure 3. Phase shift induced by a singte perturbation

{How rata = 208 rmPe ' during 12) annliad at diffarant
{(fiow rate = 208Ccm™s  guring 1s8) appiied at different

phases of the spontaneous cycle described in figure 1B.
Parts A and B, perturbations at the rising phase. Parts
C and D, perturbations at the decaying phase. PartE:
phase resetting curve.
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fluid over H” will act to delay the next oscillation. As
the perturbation comes closer to the top of the cycle the
former effect becomes more important and changes the
sign of the phase shift. Finally there is a progressive
delay as the forcing is applied later in the emptying
phase (see parts C-D of figure 3). This happens since A,
evolves in a non-linear fashion during the emptying
phase, the decay of the water level being much slower
as the system moves closed to H”. The fixed amount of
water added by the perturbation will take longer to be
removed by the siphon if it is added near the end of the
cycle, and the cycle will be more prolonged. This pro-
longation can be interpreted as a backward phase shift
of the system by the perturbation. Part E of figure 3
shows the experimental phase response curve deter-
mined for pulses of | second at a flow of 208cm®s ™!, As
predicted earlier, the curve shows a constant positive
phase shift for early pulses which falls in the rising part
of the 4, cycle and a phase-dependent negative shift for
pulses falling in the decaying part of the cycle.

The response of the oscillator to periodic pertur-
bations is now investigated with pulses of 1 s duration
(same amplitude as in figure 3) at several periods. In
figure 4 are shown some of the stable patierns obtained
as the forcing period is decreased from 100 to 14 s when
the spontaneous cycle is 85s. Each stable entrainment
pattern can be associated with a rotation number [6-8]
defined as mfn; where m is the number of full oscil-
lations and n the number of pulses applied during the
periodic sequence.

The occurrence of stable phase-locking patterns can
be understood using the phase resetting curve. Con-
sider, as an example, the trace of figure 4 where a stable
1:1 pattern is detecled for a perod of stimulation
(z, = 100s) longer than the natural period of the system
(T = 855s). In this case, the phase of the system (¢) must
be the same at the beginning of any stimulus, having
covered exactly one full cycle in the time between two
successive stimuli (which is normalized and can be
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expressed as 7,/T). This will happen if the perturbation
induces a phase shift (A¢) such that

$+Adp+1/T=0+1 (ia)

ie.,

Ap=1—1,/T<0. (18)

Phase delays (i.e. Ag < 0) occur for perturbations in
the emptying phase of the cycle. If a phase exists such
that its associated A¢ satisfies equation (1), then, after
some initial transients the system will adjust to this
phase for each stimulus, giving rise to a 1: 1 pattern as
in the case of figure 4 (trace at the top left). The same
analysis holds for the 1:1 phase locking seen at
1, = 735 (second left panel of figure 4). In this case a
stable 1 : 1 pattern occurs for stimulations in the rising
phase, since 1 is shorter than T, consequently A¢» must
be greater than 0 (see equation (14)). The value of A¢
necessary to maintain a 1:1 pattern increases as T, is
further decreased. At some rate (e.g., t, = 55s), for a
given amplitude, the specific stimulation is ne longer
able to produce a phase shift large enough to maintain
1: 1 phase-locking. A new stable pattern must emerge,
where the same phase recurs (the system will then have
completed m full cycles), after a fixed number of
stimulations » (yielding an m: »n phase-lock, see figure
4). Since 1, < T, then n<m (ie, n 1,=m7T), and
phase delay will alternate with phase advance. The
location of the transitions is dependent on the
maximum value of A¢h, and changes with the amplitude
and duration of the stimulation. It is seen in figure 4
that the rotation number decreases monotonically as
the forcing period is shortened. The sequence of n:m
phase-locking is prediciable, following the so-called
Farey rule [6-8]. Finaily, there is a small parameter
region where aperiodic activity occurs, typically as
occasional intermissions of one or two cycles of a
neighbouring phase-locking pattern (in the Farey tree).

Flgure 4. Examples of phase-locking using periodic pulses {208 cm®s™", duration 1s) at several periods {"“P",
indicated in s at right of each trace). Fraction al |eft of each time series indicates the stable n:m pattern.
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4. The finite-difference model

Except for the interval between the beginning of the
leaking phase and the full activation of the siphon, it
is relatively easy, using Bernoulli’s law, to write down
the differential equations governing the evolution of
the water tank level. However, these equations are
highly sensitive to all the parameters of the system
(radius of the tank and of the sink, water flux, etc).
Our purpose is to obtain a simple iterated function {9]
that will reproduce the important aspects of the
dynamics and will still be applicable to a wide class of
oscillators, irrespective of their detailed physical
description. In particular, we want to obtain the
organization of the successive phase-locking patterns
allowed by the system.

Consider first H = 1 and A, = 0 at A" (see figure 1},
and let the variation of A, be confined to the interval
[0, 1]. Consider also that A, is recorded only at fixed
time intervals, such that all the dynamics is reduced to
a sequence of value Ay, i = 1, n. From the arguments
in section 2, h, increases linearly during the phase, so
that we can write: if A — by > 0

By =S () Yil0 < hyy <1

where f is:
husy=a+ hy ifa+h <t

2
=1 fathys1 0

where a is the normalized amount of water added
during the time step /.

In the decaying phase, we also write: if Ay, —
hy—n <0, and by, > A,

hl(£+l] =5 (htm)

Even though g has a more complex formula, we write
for simplicity:

hl(i+l] =g+ bhl(” if a + bb‘u) < 1

. (2b)
=1 if a + bhy, > 1

where A, is the minimum level below which the
siphon is deactivated {(h,;, = H"); b is a constant
(0 < b < 1) representing the emptying effect of u, and
1§ related to the dimensions of the tank and of the
siphon. In both the filling and emptying phase a == a.,
if there is no stimulation, with a, being the fixed
amount of water provided by g during one time step.
During a stimulation, @ = g, + a4,, where a; is the

Figure 5. A: schematic of the iteration of one cycle and parameters of the map of equation (2). B: cycle obtained with
a, = 00144, b = 0.9 and h_,, = 0.15. The period of the cycle is 109 iteration steps.
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Figure 6. A: stable phase-locking ratios as a function of
the forcing period (number of iterations, same axis as
in panel B). Stimulations, with a, = 0.1 for one iteration
step, were applied to the cycle descibed in figure 58,
Periodic patterns were found for all stimulation periods.
B: parameter space for stimulations of one iteration
step showing the bifurcation structure as a function of
the amplitude (a,) and period of the stimuiation. The
broken line indicates the a, level detailed in panel A.

Forcing Period (. steps)

amount of water provided by the stimulation. In the
autonomous regime, the system is characterized by
the three parameters a., » and A, which together
determine the nature of the system’s unique stable
state. The emptying branch (equation (2a)) has a
stable fixed point; i., Ay, = hy o) = b f, where:

ht = a (1 — b). 3)

If hyin < A f, there will be no oscillation, and the
system will stay trapped at k, f during the emptying
phase. If i, > h, f, the system cannot reach the equi-
librium and will oscillate. Equation (2) can be solved
graphically. Part A of figure.5 is the map of equation
(2) showing the iteration of a typical cycle, while part
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B shows a time series for the specific set of parameters
described in the legend. The branch at the left side of
the identity line is the solution of f(h,}, representing
the filling phase, and that at the right side the solution
of g(A, )}, describing the emptying phase.

Repetitive stimulations of various amplitudes and
periods were applied to the cycle depicted in figure 5B,
and results are presented in figure 6. In part A,
stimulations with a, = 0.1 for one iteration step were
applied with period ranging from 1 to 100 iteration
steps. For each period, a stable phase-locking pattern
was detected, and the resulting rotation numbers are
plotted as a function of the stimulation period. As fot
the experimental results of figure 4, there is a
monotonic decrease of the rotation number as the
period is abbreviated. Each phase-locking pattern
extends over an interval of stimulation period, and the
curve takes the general form of a staircase (the so-
called Devil’s staircase’ [6]) following the prediction of
Farey's arithmetic. Figure 6B presents the complete
bifurcation structure for a, ranging from 0.001 to
1.000. For each forcing amplitude, the two stimu-
lation periods setting the limit of the period interval
for each stable rotation number (end points of each
step in the staircase of panel A) are plotted. As
discussed in the previous section, it is seen that the
bifurcation structure changes with the amplitude of
stimulation. As the amplitude increases, the number
and period extension of the phase-locking patierns
between 1:1 and 1:0 entrainments diminish, being
finally reduced to the three patterns 1: 1, 2: 1and 1 : 0.
This occurs when a, becomes = 1 — A,;,. From this
stimulation amplitude, A, is always equal to 1 at the
end of a stimulation, irrespective of the phase at which
the perturbation was applied. The phase is then
1 + 7,/ T at the beginning of the next stimulation. If 7,
is greater than the emptying time (48 iteration steps,
for the free running cycle of figure 5B), the following
stimulation comes in the filling phase, fills the tanks
and starts the syphon, resulting in a 1:1 phase-
locking pattern. If 7, is shorter than the emptying
time, the stimulation falls always in the decaying
phase, giving a 1: (0 pattern. The 2: 1 patterns cxisting
for 7, = 48 steps appear because equation (2a) states
that, at the end of the filling phase, the system must
stay at &, = | for two iteration steps before the begin-
ning of emptying,

In spite of its gross simplifications (i.e., there is no
leaking phase, the water level is not allowed to go over
H"), the finite-difference model gives a global bifur-
cation structure (figure 6) that is very similar to the
one measured experimentally in the system, as well as
to what is predicted by the set of differential equations
which describe it [10]. Furthermore, results similar to
those in figure 6 have also been observed for biologi-
cal oscillators forced periodically by external low
amplitude pulses [6]. The minimal model of equation
(2) is in some sense generic and embeds the funda-
mental dynamical properties of a variety of natural
systems [11].
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5. Conclusion (some additional questions
and didactic experiments)

There are additional questions and experiments which
could be addressed using this model. The following
are just some which it might be interesting to pursue.

(1) The form of g(h,) is obviously not the exact
description of the decaying phase of the oscillation. Is
there a better representation? Will there be relevant
differences in the dynamics predicted using a different
formulation?

(2) If the incoming flow is connected to a point near
the bottom of the tank and p; is supplied at a constant
pressure rather than at a constant flow: how does
equation (2) change?; how would the resetting
behaviour change (figure 3)?; and what would be the
changes in the dynamics during periodic forcing?

(3) If the forcing is instrumented such that the
perturbations are now periodic changes in the siphon
height (i.e., changes in H’, see figure 1): are there are
new classes of dynamics possible in the system?

(4) Here we have just discussed the case of a
cylindrical tank with constant diameter. It would be
interesting to investigate other tank geometries.
Would it be possible to obtain a sinusoidal oscil-
lation?

(5) Interaction of two oscillators can be
demonstrated by coupling two devices, connecting the
main tank through a tube whose diameter can be
visualized as the coupling constant. Non-linear or
linear diffusive coupling can be instrumented by
properly selecting the height at which both tanks are
interconnected.
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