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Emergent self-organized 
omplex network topology out of stability 
onstraintsJuan I. Perotti,1 Orlando V. Billoni,1 Fran
is
o A. Tamarit,1 Dante R. Chialvo,2 and Sergio A. Cannas1, ∗1Instituto de Físi
a de la Fa
ultad de Matemáti
a,Astronomía y Físi
a (IFFAMAF-CONICET), Universidad Na
ional de Córdoba,Ciudad Universitaria, 5000 Córdoba, Argentina2Department of Physiology, Northwestern University, Chi
ago, IL 60611, USAAlthough most networks in nature exhibit 
omplex topology the origins of su
h 
omplexity remainsun
lear. We introdu
e a model of a growing network of intera
ting agents in whi
h ea
h new agent'smembership to the network is determined by the agent's e�e
t on the network's global stability. Itis shown that out of this stability 
onstraint, s
ale free networks emerges in a self organized manner,o�ering an explanation for the ubiquity of 
omplex topologi
al properties observed in biologi
alnetworks.PACS numbers: 89.75.H
,89.75.Fb,89.75.DaKeywords: Complex networks, stability, evolutionComplex networks of intera
ting agents are ubiquitous,in a wide range of s
ales, from the mi
ros
opi
 level ofgeneti
, metaboli
 and proteins networks to the ma
ro-s
opi
 human level of the Internet [1, 2℄. All of themexhibit high 
lustering and relatively short path length
ompared with random networks. In addition they shows
ale free topology, namely that the probability of a nodeto be 
onne
ted to k other ones display a power law be-havior P (k) ∼ k−γ , with exponents γ < 3, for large val-ues of k [1, 2, 3℄. Candidate models for the origin of thistopology belong roughly to two 
lasses. The �rst one isbased on the 
elebrated Barabási-Albert model[4℄whi
hkey ingredient is the so 
alled preferential atta
hmentme
hanism, where new nodes have a larger probability to
onne
t with already well 
onne
ted nodes. The se
ond
lass of models are based on rewiring algorithms designedto 
ounterbalan
e the tenden
y to form hubs with a drifttowards shaping random networks[5℄.These models have su

essfully explained the origin of
omplexity in some networks, but it is re
ognized thatanother, equally large, number of 
ases 
an not be a
-
ounted by either 
lass of models. In parti
ular, growingbiologi
al networks involve the 
oupling of at least twodynami
al pro
esses. The �rst one 
on
erns the additionof new nodes, atta
hed either during a slow evolutionary(i.e., spe
ies lifetime) or a relatively faster developmen-tal (i.e., organism life time) pro
ess. A se
ond one is thenode dynami
s whi
h a�e
ts and in turn is a�e
ted by thegrowing pro
esses. It is reasonable to expe
t that di�er-ent network topology 
ould emerge out of these 
oupledpro
esses. This Letter is dedi
ated to dis
uss a simplemodel of this problem, showing that 
omplex networksdo emerge under general realisti
 
onstraints.Before introdu
ing the model, and to �x ideas, let'sdwell on some 
on
rete general examples. First 
on-sider a food web, whi
h are 
onstru
ted through 
om-munity assembly rules, strongly in�uen
ed by the under-lying dynami
s of spe
ies and spe
i�
 intera
tions amongthem[6, 7℄. Another example 
ould be neuronal networks,

where the addition of hundreds of thousands new neuronsis followed by a dynami
al pro
ess in whi
h neuronal dy-nami
s and 
onne
tivity are interrelated in a way notfully understood. Yet a third example at another s
ale,
ould be imagined in the 
ontext of so
ial networks, inwhi
h novate members 
an be a

epted or reje
ted basedon their individual 
ontribution to a global interest, �t-ness, performan
e or pro�t. In the three examples it isrelatively easy to visualize the two pro
esses mentionedabove. The 
onsequen
e of adding a new member with agiven 
onne
tivity a�e
ting a global in/stability, is repre-sented in these examples by the aboundan
e/la
k of food,the neuronal welfare/death or the pro�ts' up/down, re-spe
tively. It needs to be noted from the outset that theinterest in this letter is not to des
ribe an arbitrary algo-rithm, but on identifying a dynami
al pro
ess able to beimplemented by natural systems.Let's 
onsider a system of n intera
tive agents, whosedynami
s is given by a set of di�erential equations
d~x

dt
= ~F (~x) (1)where ~x is an n-
omponent ve
tor des
ribing the relevantstate variables of ea
h agent and ~F is an arbitrary non-linear fun
tion. One 
ould imagine that ~x in di�erentsystems may represent 
on
entrations of some hormones,or the average density populations in a food web, or the
on
entration of a 
hemi
als in a bio
hemi
al network,or the a
tivity of genes in a gene regulation net, et
. Weassume that a given agent i intera
ts only with a limitedset of ki < n ones; thus Fi depends only on the vari-ables belonging to that set. This de�nes the intera
tionnetwork, as was done previously[8℄.We will assume that there are two time s
ales in thedynami
s. On the long time s
ale (mu
h larger than theobservation time) the system is subje
ted to an exter-nal �ux (migration, mutation, et
.) of new agents thatintera
t with some of the previous ones and 
an be in
or-porated into the system or not, so n (and the whole set of
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2di�erential equations) 
an 
hange. On short time s
aleswe assume that n is 
onstant and the dynami
s alreadylead the system to a parti
ular stable stationary state ~x∗de�ned by ~F (~x∗) = 0 [9℄. The stability of that solutionis determined by the eigenvalue with maximum real partof the Ja
obian matrix ai,j ≡
(

∂Fi

∂xj

)

x∗

. Therefore a newagent will be in
orporated to the network if its in
lusionresult in a new stable �xed point, that is, if the values ofthe intera
tion matrix ai,j are su
h that the eigenvaluewith maximum real part λ of the enlarged Ja
obian ma-trix is negative (λ < 0). Assuming that isolated agentswill rea
h a stable state by itself after 
ertain 
hara
ter-isti
 relaxation time, its diagonal elements of the matrix
ai,i are negative and given unity value to further simplifythe treatment[8℄. Their intera
tion values, (i.e., the non-diagonal matrix elements ai,j) will take random values(both positive and negative) taken from some statisti
aldistribution.These ideas are implemented in a numeri
al model asfollows: At every step the network 
an either grow orshrink. In ea
h step an attempt is made to add a newnode to the existing network, starting from a single agent(n = 1). Based on the stability 
riteria dis
ussed, theattempt 
an be su

essful or not. If su

essful, the agentis a

epted, so the existing n × n matrix grow its sizeby one 
olumn and one row. Otherwise the novate agentwill have a probability to be deleted together with someothers nodes as further explained below.More spe
i�
ally, suppose that we have an already 
re-ated network with n nodes, su
h that the n×n asso
iatedintera
tion matrix ai,j is stable. Then, for the atta
h-ment of the n + 1th node we �rst 
hoose its degree kn+1randomly between 1 and n with equal probability. Thenthe new agent intera
tion with the existing network mem-ber i is 
hosen su
h that non-diagonal matrix elements
(ai,n+1, an+1,i) (i = 1, . . . , n) are zero with probability
1− kn+1/n and ω with probability kn+1/n, where ω is areal random value uniformly distributed in [−b, b]. b de-termines the intera
tion range variability and it is one ofthe two parameters of the model. Then, we 
al
ulate nu-meri
ally λ for the resulting (n+1)× (n+1) matrix. If λis negative (stable matrix) the new node is a

epted. If λis positive (unstable matrix) it means that the introdu
-tion of the new node destabilized the entire system andwe will impose that, either the new agent is eliminatedor it remains but produ
es the extin
tion of a 
ertainnumber of previous existing agents. In order to furthersimplify the numeri
al treatment, we will allow up to
q ≤ kn+1 extin
tions, taken from the set of kn+1 nodes
onne
ted to the new one[10℄; q is the other parameter ofthe model. To 
hoose whi
h nodes are to be eliminated,we �rst 
hoose one with equal probability in the set of
kn+1 and remove it. If the resulting n × n matrix is sta-ble, we start a new trial; otherwise, another node amongthe remaining kn+1 − 1 is sorted and removed, repeating
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FIG. 1: (Color on-line) Degree distribution P (k) for b = 2,
q = 3 and di�erent values of nmax; the dashed lines 
orre-spond to a power law P (k) ∼ k−γ with γ ≈ 2.4. The insetshows the average 
onne
tivity C(n) for di�erent values of b.the previous pro
edure. If after q removals the matrixremains unstable, the new node is removed, we return tothe original n × n matrix and start a new trial[11℄.First we 
al
ulated the average 
onne
tivity C(n), de-�ned as the fra
tion of non-diagonal matrix elements dif-ferent from zero, averaged over di�erent runs. We foundthat C(n) ∼ n−(1+ǫ) (inset of Fig. 1) for large valuesof n, where the exponent ǫ depends on b and q, tak-ing values 0 < ǫ < 1. Su
h behavior is 
hara
teristi
of food webs[12℄ and it has been interpreted in terms ofself-organized 
riti
ality 
on
epts[13℄; the present resultssuggest that this is a general behavior in stability-drivenself organized systems.Next we 
al
ulated the degree distribution P (k) of thenetwork with n = nmax for di�erent values of b and q.The typi
al behavior of P (k) is illustrated in Fig.1 for
b = 2, q = 3 and di�erent values of nmax. We see the
lear emergen
y of a power law tail P (k) ∼ k−γ for largevalues of n, with a well de�ned exponent γ, independentlyof the network size (this �gure also shows that the dropin the tail of the distribution is a �nite size e�e
t). InFig. 2 we show P (k) for di�erent values of b at �xed
q, where the inset shows the value of the exponent γ asa fun
tion of b for di�erent values of q. We see that γpresents a minimum around b = 2 for all values of q; as
q in
reases the exponent de
reases and for large enoughvalues of q we obtain a non-trivial value of γ < 3 for abroad range of values of b.To ex
lude the possibility that the observed networktopology is trivially asso
iated with a hidden preferentialatta
hment pro
ess, we 
omputed the atta
hment prob-ability Π(k), de�ned as the probability that a new node
onne
ts with an already existing node with degree k.Assuming that the average degree 〈ki〉 ≪ n, the atta
h-ment probability 
an be expressed as Π(k) =

∑nk

i Πi,
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q = 4FIG. 2: (Color on-line) Degree distribution P (k) for q = 3di�erent values of b. The inset shows γ as a fun
tion of b fordi�erent values of q.where Πi is the probability that the new node 
onne
tsto the already existing node i, nk ≈ n P (k) is the num-ber of nodes with degree k and the sum runs over all sites

i with degree ki = k. If stability sele
tion would favorsome kind of preferential atta
hment me
hanism, (i.e., ifnew nodes are atta
hed with larger probability to nodeshighly 
onne
ted) we should expe
t
Πi =

ki
∑n

j=1 kj
≈

ki

n (n − 1)C(n)
(2)and therefore

Π(k) ≈
P (k) k

(n − 1)C(n)
. (3)In Fig. 3 the relative atta
hment probability

Π(k)/P (k) in the present model for a �xed network size
n and di�erent values of b it is 
ompared with the 
or-responding results for a network of the same size ob-tained with the Barabási-Albert (BA) [4℄ algorithm with
onne
tivity C(n). The relative atta
hment probabilityshows the expe
ted behaviorΠ(k)/P (k) ∼ k for large val-ues of k, 
onsistently with Eq.(3). In the present modelthe relative atta
hment probability remains almost 
on-stant for a wide range of values of k (in
luding a range ofvalues for whi
h the power law behavior of P (k) has al-ready established), but displays an in
reasing trend 
on-sistent with Eq.(3) for large values of k. In other words,in the present model at varian
e with the BA model,as the network grows, the assembly me
hanisms sele
tedby stability shows a 
rossover between two regimes: onedominated by preferential atta
hment and the other not.Considering that biologi
al systems are probably neverin a 
ompletely stable situation, we relaxed the 
ondition
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FIG. 3: (Color on-line) Relative atta
hment probability
Π(k)/P (k) for di�erent values of nmax = 200, 
ompared withthe 
orresponding results for a BA network of the same size.The dashed line 
orresponds to a linear behavior Π(k)/P (k) ∼
k.of stability λ < 0 and look at networks growing by allow-ing λ to take small positive values so that the 
hara
teris-ti
 time to leave an unstable �xed point τ = λ−1 ≫ 1. Bya

epting nodes as long as λ < ∆ the 
al
ulation of P (k)for di�erent values of ∆ (positive and negative) showedsimilar qualitative behavior, with small variations of the
γ exponent.Next we 
al
ulated the average path length L betweentwo nodes and the average 
luster 
oe�
ient Cc for thenetworks obtained by the present algorithm as a fun
tionof the network size n. L is de�ned as the minimum num-ber of links needed to 
onne
t any pair of nodes in thenetwork and Cc is de�ned as the fra
tion of 
onne
tionsbetween topologi
al neighbors of any site[14℄. In Fig. 4we show the typi
al behavior of L(n) and Cc(n). We seethat Cc(n) ∼ n−0.75 and L(n) ∼ A lnn+C. Su
h s
alingbehavior is the same one observed in the BA model[1℄.As shown in Fig. 4 larger networks be
omes less 
lus-tered and have longer minimum path on the average. Al-though in all 
ases these networks are small world (in thesense that L ∼ log(n)), there is an important di�eren
ewith the networks seen in the Watts-Strogatz s
enario[14℄in whi
h the addition of short
uts 
hanges in the samedire
tion both L and Cc. In the present model, L and
Cc are inversely related as it 
an be seen in the singlerun plotted in panel b of Fig. 4. The data 
orrespondsto values 
omputed every �fty trials, independently if theattempt to add a node was su

essful or not at that trial.In a sense, this is how a natural network would look like toan observer if one 
ould take snapshots in time. Clearlyboth quantities �u
tuate in opposite dire
tions, as fur-ther shown in the inset where the data 
orresponding toa randomly shu�ed network is also plotted for 
ompari-son. The behavior of Cc and L is linked with the sele
tion
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FIG. 4: (Color on-line) (a) Networks' average 
lustering 
o-e�
ient Cc(n) and L(n) for b = 2 and di�erent values of qas a fun
tion of network size. The dashed line is a guide tothe eye 
orresponding to Cc(n) ∼ n−0.75. Inset shows thesame data plotted against ea
h other. (b) Cc(n) and L(n) asa fun
tion of network size 
omputed from a single network re-alization. Data are samples taken every �fty trials, regardlessof the resulting stability. Noti
e how �u
tuations in
rease asthe network grows. Inset shows the same data plotted againstea
h other (full 
ir
les), in addition to the data 
omputed froma random network with equal size and density of 
onne
tions(open 
ir
les).dynami
s ruling whi
h node is a

epted or reje
ted. Thestability 
onstraint favors the nodes with few links, sin
ethey modify the matrix ai,j stability mush less that newnodes with many links (of 
ourse this is re�e
ted in the
P (k) density). Thus, most frequently the network growsat the expense of adding nodes with one or few links,produ
ing an in
rease of L and a de
reases of Cc. Mostof the times, nodes with many links destabilize the net-work and are reje
ted, but when one is �nally a

epted,a large de
rease in L together with an in
rease in Cc isobserved. This sudden 
hange is the signature of a newnetwork hub, as seen in the example denoted with an ar-row in Fig. 4b. We also veri�ed that those �u
tuationslead to a slow di�usive-like growth of the network size
n(t) ∼ t1/2 (not shown), where the time is measured innumber of trials.The robustness of s
ale free networks against error

and atta
k has already been addressed[15℄ at the levelof deleting nodes or links. The present results suggestthat it would be interesting to re-study similar proper-ties in terms of �nite perturbations a�e
ting the networkstability.Summarizing, the analysis of a very simple modelshows that networks with s
ale free topology 
an ap-pear as an evolutionary/developmental emergent prop-erty, driven by stability sele
tion pressure. This sug-gests yet another explanation for the ubiquity of s
alefree topology observed in di�erent networks, espe
iallyin natural networks.Fruitful dis
ussions with P. M. Gleiser are a
knowl-edged. Work supported by CONICET (Argentina),SeCyT, Universidad Na
ional de Córdoba (Argentina),FONCyT grant PICT-2005 33305 (Argentina) andNINDS (USA).
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